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The purpose of this paper is to present a new, relatively uncomplicated 
construction of commutative noetherian local domains R with certain bad 
properties, such as the integral closure of R not being finitely generated 
as an R-module, even when R supports a derivation leaving no ideals 
invariant. Such examples are constructed having arbitrary embedding 
dimension and multiplicity. 
The first example of a l-dimensional noetherian local domain R for 
which the integral closure S is not a finitely generated R-module was con- 
structed by Akizuki [ 1, Section 31. (See also [S, Appendix, Example 31.) If 
R is an arbitrary noetherian domain containing the rational numbers and 
C= {x E R I XSG R} is the conductor, then Seidenberg [6, p. 1691 has 
shown that C is invariant under any derivation 6 of R. Hence, if R is &simple 
(i.e., R contains no d-invariant ideals other than 0 and R), then either 
R = S or C=O, in which case S is not a finitely generated R-module. 
Vasconcelos [7, p. 2301 asked whether it is possible to have a b-simple 
l-dimensional noetherian local domain that is not integrally closed. The first 
example of such a ring was constructed by Lequain [4, Example 2.23. Of 
course, if a l-dimensional noetherian local domain R is not integrally 
closed, then it is not regular and so its embedding dimension (namely 
dim,,(M/M’)) is greater than one. In this setting the multiplicity is 
dim(M”/M”“) f or n $0, and recently de Souza Doering and Lequain [2, 
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Proposition 1 ] have constructed an example of a l-dimensional noetherian 
local domain that is &simple and has arbitrary embedding dimension 
greater than one and multiplicity greater than any chosen integer greater 
than the embedding dimension. In the present paper we construct, for each 
pair of positive integers m <s, examples of S-simple l-dimensional 
noetherian local domains R with emb.dim( R) = m + 1 while muh( R) = s. 
The method of construction is of interest in its own right. Previous 
examples were constructed by carefully choosing, within a power series 
algebra or the p-adic integers, an infinitely generated subalgebra R; the 
computations then required to show that R has the desired properties were 
long and technical. Our method, which was suggested by the construction 
in [3, Section 33, is to define a subring of a power series algebra by using a 
derivation; the properties required are then demonstrated using this 
derivation. We do not construct the most general examples at the outset, 
but in Section I describe a version of our results that leads quite easily to 
examples of the type constructed by Akizuki and Lequain. Our most 
general construction is presented in Section II, and in the tinal section we 
indicate a modification that produces 2-dimensional examples. 
All the rings considered in this paper are assumed to be commutative 
and associative with unit. 
We would like to thank Liam O’Carroll for pointing out to us much of 
the literature on examples of this sort, and Y. Lequain and David Jordan 
for helpful comments, particularly for indicating an error in an early 
version of the paper. This work was started during a visit by the first 
author to the University of Edinburgh and continued during a visit by the 
second author to the University of Washington. The authors thank both 
institutions for their hospitality. The research in this paper was partially 
supported by grants from the NSF. (USA) and the S.E.R.C. (UK). 
1. THE BASK- CONSTRUCTION 
PROPOSITION 1. Let A he a discrete valuation ring with maximal ideal XA 
and quotient field K, let B he a local subring of A, and let C he a .&ring of 
B with .YE C. Assume that C + xA = A and C+ .uB= B, and that 
C n xA = XC. Let d,, . . . . d,, : B -+ K be derivations such that d,(C) = 0 for all 
I, and assume that there exist elements - _, , . . . . znr E B n .rA such that 
d,(z,) = 6,, for all i, j. Set 
R= {be Bld,(b)E A for i= 1, . . . . m). 
Then: 
(a) R is a ring, CG R E BG R, C (quotient field of R), and B is 
integral otter R. 
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(b) R is local with maximal ideal M = R n xA, and M is generated by 
{x, z,, . ..) Z”}. 
(c) If dim( B) = I, then R is noetherian and dim(R) = I. 
(d) Neither B nor the integral closure of R is finitely generated as an 
R-module. 
Proof Note from C + xA = A that B + .~A = A, whence 
B/( Bn xA) z A/xA. 
Thus B n xA is the maximal ideal of B. 
(a) That R is a subring of B is clear, as are the first, second, and fourth 
inclusions. Given b E B, we have 
d,(b), . . . . d,,,(b)Ex “A 
for a suitable n E N. Since x E C, each d,(x) = 0, and so d,(x”b) = x”d,(b) E A. 
Thus x”b E R and so b E R,. This proves the third inclusion. 
Any b E B may be written in the form b = c + b’ for some c E C, b’ E xB. 
As CE R, to see that b is integral over R we need only show that h’ is 
integral over R. Hence, there is no loss of generality in assuming that 
b E xB, whence b E xA. As above, 
d,(b), . . . . d,,,(b)~x “A 
for a suitable nE N. Now b”Ex”A, and so 
d,(b”’ ’ )=(n+ l)b”d,(b)EA 
for each i. Therefore h” + ’ E R and b is integral over R. 
(b) Since C s R, we have R + xA = A, whence R/M z A/xA. Thus M is 
a maximal ideal of R. Given r E R - M, we see that r E B - xA, and so r is a 
unit in both B and A. As d,(r)E A for each i, we obtain d,(r-‘)E A for each 
i, and hence r -’ E R. Therefore R is local. 
Now each ,-,~gnxAnR=M. We claim that M=z,C+ ... + 
z,,,C+ xR, whence M is generated by {x, z,, . . . . z,}. 
Consider r E M. For i = I, . . . . m, we have d,(r) E A = C + xA, whence there 
exists c, E C such that d,(r) - c, E xA. As di(c,z,) = 0 for i # j, we obtain 
d,(r-c,z, - ... -c,,;,,)=d,(r)-c,~xA 
for all i. Replacing r by r - c, ;, - . . - c,,,z,,,, we may assume that 
d,(r) E xA for all i. 
Since C+xB=B, we have r=u+xr for some UEC, UEB. Then 
xd,(v) = d,(r) E xA for each i, whence each d,(u) E A and so u E R. In 
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addition, r, XUE XA and so UE Cn .rA = XC. Therefore r EXR, and the 
claim is proved. 
(c) Since B is integral over R, we have dim(R) = 1. Hence, M is the 
only nonzero prime ideal of R, and since it is finitely generated, R is 
noetherian. 
(d) Extend d, to the quotient field of R (via the quotient rule). If either 
B or the integral closure of R is finitely generated as an R-module, then 
Bc_u,R+ ... + U, R for some U, in the quotient field of R. Since d, is 
defined on this field, 
d,(B)~d,(u,)R+ ... +d,(u,)R+u,d,(R)+ ... +u,d,(R) 
&d,(u,)A + ... +d,(u,,)A+u,A+ ... +u,AE.+A 
for some k E N, and hence d,(.rk + ‘B) c_ xA. 
As B=C+xB, we see that B=C+xk+‘B, and thus 
d,(B) = d,(x” + ’ B) & xA. However, this contradicts the assumption that 
d,(z,)= 1. 1 
EXAMPLE A. Given an arbitrary field F, there exists a l-dimensional 
noetherian local domain R 2 F such that the integral closure of R is not a 
finitely generated R-module. 
Proof: Let x be an analytic indeterminate, let A = F[ [x]] and 
C = F[x], and let K be the quotient field of A. Obviously C + xA = A and 
CnxA=xC. 
Choose an element z EXA which is transcendental over C, and set 
B = F(x, z) n A. (Here F(x, z) of course denotes the subfield of K generated 
by Fu {x, z).) Observe that xB = Bn .x-A, whence .rB is a maximal ideal of 
B and C + xB = B. Observe also that B is local. As 
6 x”B& fj x”A=O, 
“=I n;l 
it follows that B is a discrete valuation ring, and so dim(B) = 1. 
Let d: B --* K be the restriction of the derivation a/dz on F(x, z). (This 
derivation exists because z is transcendental over C.) Then d(C) = 0 and 
d(z) = 1. Note also that z E Bn xA. 
Now if R = {b E BI d(b) E A}, the desired properties follow immediately 
from Proposition 1. [ 
Let 6 be a derivation on a ring R. A b-ideal of R is any ideal I such that 
6(l) E 1. The ring R is said to be b-simple provided R # 0 and 0, R are the 
only b-ideals of R. In order to produce an example that is a-simple, we 
need considerable freedom to define 6. For this reason, we operate in 
characteristic zero with a field F of infinite transcendence degree over Q. 
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EXAMPLE B. There exists a l-dimensional noetherian local domain 
Rz Q such that the integral closure of R is not a finitely generated 
R-module (in particular, R is not regular), and there is a derivation 6 on 
R such that R is b-simple. 
Proof Let F= Q(y,, yz, . ..) for some independent indeterminates y,, 
and let x be an analytic indeterminate. Since F[x] is countable, there exist 
mi E { + 1) for i = 1,2, . . . such that the element 
z= i m,y,x’ 
1=1 
is transcendental over F[x]. Now construct A, C, K, B, d, R as in Exam- 
ple A. Then R is a l-dimensional noetherian local domain whose integral 
closure is not finitely generated as an R-module. 
Define a derivation 6 on F such that 6( yi) = - (i + 1) mimi+ , yi+ , for all 
i, and extend 6 to a derivation on K according to the rule 
6 Ca,x’ (. ) =Cb(a,)x’+Cia,x ’ 
(for aicF). Then 6(x)= 1 and 6(z)=m, y,. Observe that d(A)&,4 and 
G(F[x, z]) E fix, z], whence 6(B) G B. 
Since d vanishes on fix], we see that d6 and 6d both vanish on 
fix] u {z), and hence the derivation d6 - 6d vanishes on fix, z]. Thus 
d6 - 6d vanishes on F(x, z) and hence on B. Now 6(R) G 6(B) c B and 
dc?(R)=cSd(R)sb(A)zA, 
and therefore 6(R) G R. 
As R is l-dimensional and x lies in its maximal ideal, every nonzero ideal 
of R contains a power of x. Since 6(x) = 1, we conclude that R must be 
b-simple. 1 
David Jordan has pointed out to us a nice alternate version of this exam- 
ple. For his version, replace F by an arbitrary field of characteristic zero, 
choose z = eX - 1, and let 6: K + K be the derivation d/dx. Here the 
derivation db - 6d does not vanish on F(x, z), but the derivation 
dS - 6d - d does. Hence, db and 6d + d agree on B, from which one obtains 
6(R) c R. 
PROPOSITION 2. In the situation of Proposition 1, dim.,,(M/M2) = 
m+ 1. 
Proof: By Proposition 1, M/M2 is spanned by the cosets x + M2, 
z, + M2, . ..) z, + M2. Note that since M2 E x2A, we must have x $ M2. 
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For i=l ,..., m, observe that d,(M)sA and d,(M2)cMdi(M)gxA, 
whence di induces an (R/M)-linear map d,* : M/M * + A/xA. If 
for some LY, P,E R/M, then on applying the maps d,* we obtain 
p,(l +xA)=O and so /I,=O, for i= 1, . . ..m. Then z=O because x+M2 is 
nonzero. 
Therefore the cosets x t M*, 2, t M ‘, . . . . z, + M * are linearly indepen- 
dent over R/M, and hence they form a basis for M/M*. Thus 
dim.~,~(M/M*)=mt I. 1 
If R is a noetherian local ring with maximal ideal M then the embedding 
dimension of R, denoted by emb.dim(R), is dim.,,( M/M*). If R is one- 
dimensional, then for n sufficiently large, dim( M”/M” + ’ ) is constant, and 
this constant is equal to the multiplicity of R, denoted by mult(R). Note 
that R is regular if and only if emb.dim( R) = I, and then mult( R) = 1. 
PROPOSITION 3. In the situation of Proposition 1, assume that dim(B) = I 
(so that R is a l-dimensional noetherian local domain). If z,z, E xB for all i, j, 
rhen emb.dim( R) = m t 1 und mult( R) = m t 1. 
Proof: By Proposition 2, dimRIM( M/M ‘) = m t 1, whence emb.dim( R) 
=m+l. 
We claim that M* = xM. From this, it will follow that M” + ’ = x”M z M 
for all n E N, whence 
dimRjM(M”+‘/M”+*)=dim~,,,,,(M/M2)=m+ I
for all n E N, and consequently mult( R) = m + I, 
By Proposition l(b), M=xR+z, R+ . . . +z,R and so 
M*=xM+ f z,z, R. 
t.,= I 
Hence, it only remains to show that each z,z,~xM. 
Now ziz, = xb,, for some b,, E B, by hypothesis. Since zi, z, E xA, it follows 
that b, E xA. For k = 1, . . . . m, observe that 
whence d,(h,,) E A. Thus b,,E R. Now bijE Rn xA = M, and therefore 
ziz, = xb, E xM, as desired. 1 
The assumption C n xA = XC in Proposition 1 may be weakened to the 
assumption that the ideal N = C n ,~A is a finitely generated ideal of C. In 
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this case, conclusion (b) becomes that A4 is generated by N u {z,, . . . . z,}, 
and conclusions (a), (c), (d) follow as before. If we assume in addition that 
N n (Bn xA)’ = N2, Proposition 2 can be modified to show that 
dim,,,(M/M2)=m+dim,,.,(N/N2). 
We have not attempted a corresponding version of Proposition 3. 
EXAMPLE C. Let m be any positive integer. Then there exists a l-dimen- 
sional noetherian local domain R 1 Q such that emb.dim( R) = mult(R) = 
m + 1 and there is a derivation 6 on R such that R is b-simple. 
Proof Let F=Q({ykilk= l,..., m; i= 1,2 ,... }) for some independent 
indeterminates yki, and let x be an analytic indeterminate. Since F[x] is 
countable, there exist mkr E { f 1) such that the elements 
zk = c mkiYkrX’ (for k = 1, . . . . m) 
r=l 
are algebraically independent over F[x]. 
As in Example A, we set A = fl [x]] and C = F[x], while K denotes the 
quotient field of A. Then C + xA = A and C n xA = XC. Next, set 
B=F(x,z ,,..., z,)nA, 
and note that xB = B n xA. Then B is a local subring of A with maximal 
ideal xB, and C + xB = B. As in Example A, we see that B is a discrete 
valuation ring, and so dim(B) = 1. Observe that each zk E B n xA = xB. 
For i = 1, . . . . m, let di: B + K be the restriction of the derivation d/az, on 
F(x, ~1, .. . . z,). Now set 
R=(~EB~~,(~)EA for i=l,...,m}. 
In view of Propositions 1, 2, 3, we see that R is a l-dimensional noetherian 
local domain with emb.dim( R) = mult( R) = m + 1. 
Define a derivation b on F such that 6( yki) = - (i + 1) mlrimk,i+, yk,i+ , 
for all k, i, and extend 6 to a derivation on K according to the rule 
6 Caix’ 
( > 
=C6(a,)xi+Cia,x’ ’ 
(for aie F). Then 6(x)= 1 and 6(zk) =rnkI yk, for all k. As in Example B, 
we find that 6(R) G R. Since R is l-dimensional, x lies in its maximal ideal, 
and 6(x) = 1, we conclude that R is b-simple. 1 
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A version of Example C suggested by Jordan consists of replacing F by 
an arbitrary field of characteristic zero, choosing zk = & - 1 for 
k = 1, . . . . m, and again letting 6: K -+ K be the derivation d/dx. (That 
z, , . . . . z, are algebraically independent over F[x] is a consequence of the 
Lindemann-Weierstrass Theorem.) The key to obtaining 6(R) s R here lies 
in showing that the derivations 
all vanish. 
d,6 - 6d, - ix’ ‘d,: F(x, 7, , . . . . z,,,) -+ K 
In [2, Proposition 11, de Souza Doering and Lequain construct exam- 
ples similar to Example C. For any integers u,, _._, u,, > 2, they construct a 
1-dimensional noetherian local domain R 2 Q such that emb.dim(R) = 
n+ 1 and mult(R)=u,u, . ..u.,, and there is a derivation 6 on R such that 
R is b-simple. Except in the case that n = 1 and U, = 2, their examples 
satisfy mult( R) > emb.dim( R). 
II. ARRITRARY EMBEDDING DIMENSIUN AND MULTIPLICITY 
In this section WC produce, for arbitrary positive integers MI and I, exam- 
ples of l-dimensional &simple noetherian local domains with 
emb.dim(R) = m + 1 and mult(R) = m + 1. The embedding dimension is 
lixed at m + 1 by using m derivations in the definition of R. However, if we 
wish to increase the multiplicity then we cannot require that M2 = xM as 
in Proposition 3. The increase in multiplicity is generated by using higher 
powers of the derivations. The following proposition generalizes 
Proposition 1 to this setting. 
hOPOSITION 4. Let A 3 62 he u discrete valuation ring with maximal 
ideal xA and quotient field K, let B be a local subring of A, und let C he a 
subring qj’ B with Q[x] c C. Assume that C + xA = A and C + XB = B, and 
that C n xA = XC. Let d,, . . . . d,,, be C-linear derivations.from K to itself; and 
assume that there exist elements z , , ..,, z, E B n xA such that d,(z,) = 6, for 
~111 i, j. L,rt t , , . . . . t,,, E N, und set 
R= {by Bld((h)r A for i= 1, . . . . m undj= 1, . . . . ti). 
Then : 
(a) R is u ring, CC R c BG R, E (quotient field of R), and B is 
integral over R. 
(b) R is local with maximal ideal M = R n xA, and M is generated by 
{x9= I,..., z,}. 
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(c) If dim( B) = 1, then R is noetherian and dim(R) = 1. 
(d ) Neither B nor the integral closure of R is finitely generated as an 
R-module. 
Prooj As in the proof of Proposition 1, note that BnxA is the 
maximal ideal of B. Set t = max{ z, , . . . . tn, }. 
(a) That R is a subring of B is clear, as are the first, second, and fourth 
inclusions. Given h E B, we have 
{d<(b)li= 1, . . . . m; j= 1, . . . . I} cx .“A 
for a suitable n E N. Then d{(x”b) E A for i = 1, . . . . m and j = 1, . . . . t, whence 
x”b E R and so b E R,. This proves the third inclusion. 
Any b E B may be written in the form b = c + h’ for some c E C, b’ E xB. 
As c E R, to see that b is integral over R we need only show that 6’ is 
integral over R. Hence, there is no loss of generality in assuming that 
b E xB, whence b E xA. As above, there exists n E N such that d{(b) E x-“A 
for i = 1, . . . . m and j = 1, . . . . z. By induction on j, each dj(b”+‘) is a Z-linear 
combination of terms 
bP’o’di(b)P”‘d~(b)P’2). . . d:(b)“‘/’ 
where p(O), . . . . p(j) are nonnegative integers whose sum is nt + t and 
p(O) > nt + t-j. Since p(O) > nr and b E xA, we have bp”’ E x”‘A. On the 
other hand, since p( 1) + . . . + p(j) < t and di(b), . . . . d:(b) E x “A, we have 
di(b)P”‘df(b)P’2’ . . . d{(b)P”’ E .r “‘A, 
and hence d{(b “‘+I) E A for i = l,..,, m and j= 1, . . . . t. Therefore b”‘+‘c R 
and h is integral over R. 
(b) As in the proof of Proposition 1, M is a maximal ideal of R. Given 
r E R-M, we see that r is a unit in both B and A. For i= 1. . . . . m and 
j= 1, . . . . 1, we see by induction on j that d{(r--‘) is a Z-linear combination 
of terms 
r--“‘“‘d.(r)P”ldf(r)P(2). . dj(r)PtJl 
where p(O), . . . . p(j) are nonnegative integers such that -p(O) + p( 1) + 
p(2)+ ..’ + p(j) = - 1. Since d{(r) E A for j = 1, . . . . 1, it follows that 
d<(r ‘) E A for j= 1, . . . . r. Hence, r ’ E R, and therefore R is local. 
Now we show that any element r E M lies in xR + zl R + ... + z,, R. 
Let ~=t,. Since df(r)EA=C+xA, there exists CE C such that 
d;(r) -s! c E xA, and hence d;(r - ~2.;) ExA. Thus, replacing r by r - cz.;, 
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we may assume that df(r)~ x,4. Next, there exists c’ E C such that 
d;-i(r)-(s- l)! C’EXA, and hence 
d;.-- ‘(r - c’z; ‘)=df l(r)-(s- l)!c’~xA 
df(r-c’z.; ‘)=d.;(r)~xA. 
Thus we may now assume that d”; l(r), d’;(r)ExA. 
Continuing in this manner, we see that there is no loss of generality in 
assuming that d{(r) E xA for j = 1, . . . . 1,. Similarly, we may also assume that 
d:(r)ExA for i=l,..., M and j= I,..., ri. Since C+xB=B, we have 
r=u+xu for some UEC, UEB. Then 
xd’;:(o)=dj(r)ExA 
for i = 1, . . . . m and j= 1, . . . . f,, whence these d{(u)E A and so DE R. In 
addition, I, xv E xA and so II E C n xA = XC. Therefore r E xR, proving that 
A4 is indeed generated as claimed. 
(c) This is dear. 
(d) Use the same proof as Proposition l(d). 1 
FROP~SITION 5. In the situation of Proposition 4, dim& M/M’) = 
m+ I. 
ProcJ Use the same proof as Proposition 2. 1 
In, the l-dimensional case of Proposition 4, varying the parameters 
11, ‘.., t, will vary the multiplicity of R. The easiest way to control the mul- 
tiplicity is to arrange M’ + ’ = xM’ for some 1, and we do this by using the 
first t powers of one of the derivations. 
PROPOSITION 6. Let A ZI Q be a discrete valuation ring with maximal 
ideal xA and quotient field K, let B be a I-dimensionaf local subring of A, 
and let C be a subring of B with Q[x] E C. Assume that C + xA = A and 
C+ xB= B, and that Cn xA = XC. Let d,, . . . . d,,, be C-linear derivations 
from K to itse[f, and assume that there exist elements z, , . . . . z, E B n xA such 
that di(zj) = 6, for all i, j. Let t E N, and set 
R={b~BId{(b)~Aforj=l,..., tandd,(b)~Afori=2 ,..., m}. 
Then : 
(a) R is a l-dimensional noetherian local domain with maximal ideal 
M = R n xA, the ~ntegrai closure of R is not a uniters generated R-module, 
and emb.dim( R) = m + 1. 
488 GOODEARL AND LENAGAN 
(b) Assume that z, E x’A and zi+ ’ E x’B, while Z,I~E xl3 for ail i, j. 
Then m&(R) = m + r. 
ProoJ (a) Propositions 4 and 5. 
(b) By Proposition 4, M = xR +z, R + . . . + z,R. For k = 1, 2, .,,, 
observe that Mk c xkA, whence xk - ’ 4 Mk. 
For i, j = 1, . . . . m, we have zizj = xbti for some b, E B. Since z,, zI E .~A, it 
follows that biic .~A. For k = 1, . . . . m, observe that 
Xd~(b~)=d~(Z~~~)=dk(~~)~j+Z~d~(Z~)E~A, 
whence d,(l),) E A. Ifj# 1, then 
xdf(6,) = d:(z,z,) = d:(q) zj = 0 
and so df(b,) =O. Thus h,,~ R in this case, and then htie RnxA = M. 
Therefore 
z,z, E XM 
for ah i = 1, . . . . m and j = 2, .l.1 m. 
In addition, z: + * = x’h for some h E B, and b E xA because x1 E xA. For 
i=2 , *-., m, observe that .u’d,(b)=d,(z’,+‘)=O, whence d,(b)=O. For 
j = 1, . . . . t, we have 
x’di,(h)=d<(z;+‘)=(r+ l)t...(t+2-j)z;+’ ~EZ,AC.U’A, 
whence d{(h) E A. Thus b E R n xA = M, and therefore 
z; + L E .u’M c xM’. 
We now claim that 
Mk = i Xk jzlt R + 
j-0 
,g2 xk - ‘-1,R 
for k = 1, 2, . . . . For k = 1, this was observed above. If this formula holds for 
M ‘, . . . . Mk, then 
Mh + ’ =,t xk Jz{ M + f xk ‘z3M 
‘r t=2 
k+l 
= j;o xk + ’ - 9, R $ f xk;, R 
r=2 
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For i, p = 2, . . . . m, we have zizp E xit4, and so 
xk-‘ziz,~xkM=xk+‘R+xkqR+ .‘. +xkz,R. 
For i = 2, . . . . m and j = 1, . . . . k, we have z I zi E xM and hence 
Consequently, 
Xk-iz~ziEX~*+--i xj ?qR+ 5 xj‘-‘z,R 
r=2 1 
=i 
q=o 
xk+’ qz~R+i~zxkiiR. 
Therefore 
k+1 
Mk+l- 
-1 Xk+l-.jZjlR+ f Xkzi~, 
j=O i=2 
completing the induction step. 
From these formulas, and the fact that z; + r E XV’, it follows that 
M I+1 =xM’+z~+‘R=.~M’. 
Hence, AI’+” = xnM’ z M’ for n = 1,2, . . . . and so 
mult(R)=dirn~~~(~‘/~~*‘). 
We have seen that M’ is generated by the m + t elements 
fX'-'Z{ij=O, . . . . t> U fXr-‘Zili=2, . . . . m). 
Thus it only remains to show that the cosets of these elements in ~‘/~‘+I 
are linearly independent over R/M. Consider any relation 
j$oaj(x,mjz~+Mf+‘)+ f Pi(X’-‘Zi+M’+‘)=O’ 
(t) 
*=2 
where the aj, BiE R/M. 
For i = 2, . . . . m, .observe that d, induces an (R/M)-linear map 
d: : M’/~~ + ’ -+ x’- ‘A/x’A 
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such that dy(x’-jzi, + M’+‘)==O forj=O, . . . . t and d,+(x”r, +M’+‘)=O 
for k # i, while 
d,*(x-~‘Zi+M’+‘)=x’ ‘+x’A#O. 
Applying d,* to (t), we conclude that ,4, = 0. 
For j= 0, . . . . t, we infer by induction that d{(M’) is contained in the 
product of M’- i with the subring of A generated by d,(M), . . . . d{(M). Thus 
d{(M’) G x’ ‘A, and similarly dj,( M” ’ ) c x’ + ’ ‘A. Hence, d{ induces an 
(R/M)-linear map 
(d/,)*1 ,j,f’IM’+ 1 --,x’ iAjx’+ l-/A 
such that (dJ,)* (x’. pz;+ Ml+‘)=0 for p=O, . . ..j- 1 while 
(d~)*(X~.-.iZ~+N’+l)=j!x~-~+x’+‘~-~~fO. 
Applying the maps (d;)*, (d{-I)*, ,.,, (dy)* to (t), we conclude that 
a,, a,. , , . . . . a, = 0. 
Therefore the cosets of the elements 
{x’ jz’, ( j = 0, . ..) tju~Xf-‘ZiJi=2,...,m) 
in Ml/M’ + ’ are linearly independent over R/M, as desired. 1 
For use in our final example, we recall the well-known result that any 
derivation on a field of characteristic zero extends to a derivation on any 
extension field [8, Chapter II, Sect. 17, Corollary 33. 
EXAMPLE D. Let m, t be any positive integers. Then there exists a l- 
dimensional noetherian local domain R 3 Q such that emb.dim( R) = m + 1 
and m&t(R) = m + f, and there is a derivation 6 on R such that R is 
&simple. 
ProoJ Let F= Q( { yki 1 k = 1, . . . . m; i = 1,2, . . . }) for some independent 
indeterminates yki, and let x be an analytic indeterminate. Since F[x] is 
countable, there exist mkiE ( + 1> such that the elements 
cc 
z1 = 1 mllyirxi and Z& = f mk, YkiX’ (for k = 2, . . . . m) 
i=i i= I 
are algebraically independent over F[x]. 
As in Example A, we set A = F[ [x]] and C = F[x], while K denotes the 
quotient field of A. Then C + x,4 = A and CA xA = XC. Next, set 
B= F(x, z,, . . . . z,)nA, 
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and note that XB = B n xA. Then B is a local subring of A with maximal 
ideal xB, and C+ xB= B. As in Example A, we see that B is a discrete 
valuation ring, and so dim(B) = 1. Observe that each zk E B n xA = xB. 
For i = 1, . . . . m, let d, denote the derivation a/az, on F(x, z,, . . . . z,,,). Since 
F has characteristic zero, each di extends to a derivation K + K. Now set 
R= {BE BJd{(h)eA forj= 1, . . . . f and d,(b)eA for i=2 ,..., m}. 
In view of Proposition 6, we see that R is a I-dimensional-noetherian local 
domain with emb.dim(R) = m + 1 and m&(R) = m + t. 
Define a derivation 6 on F such that 6( ykj) = - (i + 1) mkimk.i+, yksi+, 
for all k, i, and extend 6 to a derivation on K according to the rule 
6 Ca,x’ 
( > 
=C6(a,)x’+Ch,x’-’ 
(for (rio F). Then 6(x) = 1 and 6(z,) = tm,,y,,x’ ’ while 6(z,) = mk, yk, for 
k = 2, . . . . m. As in Example B, we find that 6(R) 5 R. Since R is l-dimen- 
sional, x lies in its maximal ideal, and S(x) = 1, we conclude that R is 
b-simple. 1 
To construct a version of Example D using Jordan’s idea, replace F by 
an arbitrary iieid of characteristic zero, choose 
t-1 
z, =e”- E xi/i! 
i=O 
and zk = eXI( - 1 for k = 2, . . . . m, and let 6: K + K be the derivation d/dx. 
One checks that d,6 and 6di + ix’ ‘d, agree on B (for i = 1, . . . . m), and that 
d{6 and (6 +j)d{ agree on B (forj= 1, . . . . t). 
III. DIMENSION Two 
Establishing that a ring R is noetherian in dimension one is relatively 
easy: it is enough to check that prime ideals are finitely generated, and for 
l-dimensional local domains there is oniy one prime ideal to check. With a 
little further work, the method of Proposition 1 may also be used to con- 
struct examples of 2-dimensional noetherian local rings. The hypothesis 
that Cn x,4 = XC must be relaxed to the requirement hat Cn x.4 be a 
finitely generated ideal of C (since otherwise there will not be any 2-dimen- 
sional rings B fitting the hypotheses). Then Proposition 1 remains valid 
with one change: M is no longer generated by {x, z,, . . . . z,}, but M is still 
finitely generated. 
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In order to maintain a hold on the height one primes, we require that the 
ring B be a unique factorization domain. The method we use to show that 
height one prime ideals of R are finitely generated is adapted from the 
proof of [3, Proposition 3.31. 
PROPOSITION 7. Let A he a discrete Ealuation ring with maximal ideal xA 
and quotient field K, let B be a local subring of A, and let C be a subring of 
B with x E C. Assume that C + xA = A and C + XB = B, and that C n xA is a 
finitely generated ideal of C. Let d, , . . . . d,: B -+ K be derivations such that 
di(C) = 0 for all i, and assume that there exist elements zI, . . . . z, E B n xA 
such that d,(z,) = 6, for all i, j. Set 
Then: 
(a) R is II ring, Cc_RcBER,c(quotient field of R), and B is 
integral over R. 
(b) R is /oral with maximal ideal M = R n xA, and M is finitely 
generated. 
(c) Neither B nor the integral closure of R is finitely generated as an 
R-module. 
Non! assume further that dim(B) = 2 and that B is a unique factorization 
domain. Then: 
(d) R is noetherian and dim(R) = 2. 
(e) If P is any height 1 prime ideal of R, then R, = B, for some height 
1 prime ideal Q of B, and so R, is a discrete valuation ring. 
Proof (a) (b) (c) The proof of Proposition 1 may be used, with one 
modihcation: under the present hypotheses the proof of (b) shows that M 
is generated by (Cn x-A) u (z,, . . . . z,,}. 
Now assume that B is a 2-dimensional unique factorization domain. 
Note from C+xA=A and .xEC that C+x”A=A for all nEk4). Let 1-1 be 
the valuation on K induced from A, so that 
for all a E K. 
(d) We have dim(R) = 2 because B is integral over R, and the only 
height 2 prime ideal of R, namely M, is Iinitely generated by (b). Hence, we 
need only show that any height 1 prime ideal P of R is finitely generated. 
Since B is integral over R, we have P = R n Q for some height 1 prime 
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ideal Q in B. As B is a unique factorization domain, Q = qB for some non- 
zero q E Q. Set 
N= {bEB[qbER}, 
and note that P= qN. Hence, it suffices to show that N is a finitely 
generated R-module. 
For any b E N, we have qb E R and so d,(qh) E A for i = 1, . . . . m, whence 
qd,(b)EA +4(q) A 
and so d,(h)Eq-‘A + q-Id,(q) A. Thus each of the sets Id,(N)/ is bounded 
below. Set N, = N and 
N,={a~Nld,(a) ,..., d, &+A} 
for i = 2, . . . . m, and choose elements eiE N, for i= 1, . . . . m such that Id,(ei)l 
is minimal in Idi( Ni)l. 
We claim that N=Ce, + ... + Ce, + (N n R). Given any b E N, we 
have Id,(b)1 2 Id,(e,)l, whence dl(b)=a,d,(e,) for some a, E A. Now 
d,(e,)Ex-“AforsomenE~.AsC+x”A=A,thereexistsc,ECsuchthat 
c, -a, E x”A. Then 
d,(b-c,e,)=(u,-c,)d,(e,)EA, 
and so h - c,e, E N,. Now Idz(h - c, e,)l 2 Id,(e,)l. Arguing as above, there 
exists c2 E C such that 
d,(b - c,e, - czez) E A. 
Since h - c,e, and e, both lie in N2, we also have 
d,(b-c,e, -c,e,)EA, 
and so b-c,e,-c,e,EN3. Continuing in this manner, we obtain 
c,, . . . . c, E C such that 
di(b-c,e, - ... -c,,,e,)EA 
for all i = 1, . . . . m, whence b-c,e,- ... - c,e, E N n R. This completes 
the proof of the claim. 
This claim having been proved, it suffices to show that N n R is a finitely 
generated ideal of R. 
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For any positive integer k, note that Mk is finitely generated, and that 
R/Mk is noetherian (since its only prime ideal, namely M/Mk, is finitely 
generated). Hence, any ideal of R containing Mk is finitely generated. Thus 
it suffkes to show that N n R contains a power of M. As M is finitely 
generated, we need only show that N n R contains a power of each element 
of M. 
Given any SE M, we have sexA, and so there is some kc fV such that 
s k-‘di(s) q and s“d,(q) lie in A for i= 1, . . . . m. It follows that d,(skq) E A for 
all i, whence skq E R and so sk E N n R, as desired. 
(e) Since B is integral over R, there is a height 1 prime ideal Q of B 
such that Q n R = P, and we note that R, s B,. As Q is principal, B, is a 
discrete valuation ring. 
Since ht(P) = 1, there exists an element SE M- P, and s-’ E R,. Con- 
sider any b E B. As SE xA, there is some k E N such that sk ‘d,(.r) b and 
skdi(b) lie in A for i = 1, . . . . m. It follows that di(skb)e A for all i, whence 
skbE R and so be R,. Thus Bc R,. 
Given any b E B - Q, we find as above that skb E R for some k E N. Since 
s$ P, we have s$ Q and so skb$ Q, whence skb# P. Consequently, 
(skb) ’ E R,, and thus b--’ E R,. Therefore B,= R,. 1 
One way to find rings A 2 Bz C satisfying the hypotheses of 
Proposition 7 is as follows: let A = F[ [xl] for some field F, choose 
elements y, z E xA which are algebraically independent over F(x), let C be 
the localization of F[x, y] at the maximal ideal F[x, y] n xA, let 
D = F(.x, z) n A, let B be the localization of D[y] at the maximal ideal 
D[y] n xA, and let d: B -+ K be the restriction of the derivation c?/dz on 
F(x, Y, 2). 
We close with the following question. Suppose that A 1 B are domains 
with the same quotient field K, and that d, , . . . . d, are derivations from B to 
K. Under what circumstances must the ring 
R={b~Bld,(b)~Afor i=l,...,m) 
be noetherian? That this is not always the case may be seen from the exam- 
pleA=B=QS[x,y]andd,=y-‘d/Zx,inwhichcaseR=Q+yA. 
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